5 Matrix Creation

In this chapter three basic models and the data ceatrieeded to create estimators for them
are definell The first is termed the_crass-sectiondel: although it incorporates some panel
aspects, it is little different from a dummy variabless-section. The second model allows
for individual heterogeneity, treating this as xefl effect to be removed by the covariance
transformation; this is called the fixed-effeatsodel. An alternative approach to the
heterogeneity problem is time-differencing of the adat Section 5.3 and 5.4 consider

differencing in balanced and unbalanced pénémese are the differencimgpdels.

For each model, three cases are considered:
unrestricte@lopes and intercepts vary over time
paoledslopes and intercepts are constant over time

restrictedlopes are constant, but intercepts may vary over time

ions the smole nane modd

This model has no individual heterogeneity but allé@rsslopes and intercepts to vary over

time.

' This chapter involves a large amount of matrix algelrzh is straightforward but extensive. Although
the different models are defined by similar equatiortn® basic equations are described in some detail here as
they are directly implemented in the software and s fpart of the validation of the programs. A shorter
version of this chapter is in preparation as a discugsper.

The issue of panel balance does not materially taffex cross-section or fixed effects, although it
simplifies the data requirements for the latter. As ttan be done post extraction, we ignore the isswe her
and outline the adjustments in the next chapter. Howetrer balance of the dataset will determine whether
the matrices for a differencing model have to be fathering extraction or whether they can be created post-
extraction.
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5.1.1Theunrestricted case

The "unrestricted" regression is

Yie= Xit ,Bt+ At t Ui
(5.1
E(uit): 0 E(Uituis): Jts

where x is a 1xK row vector, Bt is a Kx1 column vector, and the other terms are all scalars

Stacked over all individuals for time t,

Y= Xt,gt+JtAt+Ut (5.2

where Jis an N vector of ones ands the NxKx matrix of the x stacked. Define

1
QtElt-WJtJt' (5.3)

t

where { is the NxN; identity matrix. Note that
Q=Q:=QQ, QJ=0 (5.4)

Then premultiplying (5.2) by Qill remove the time effects:
Qt yi: Qt xtﬁt+ QtJtAt+ QtUt

55
=Q X B+ Qui 69
For the system of equations over all t and n, tgvalent of (5.5) is
PY=PZ{+ PU (5.6)
where
Y1 X1 0 U1 :31
0 X
v=| V2| z= © o Juz|U o=l 57)
yT L XT_ ur ﬁT

and P is the system equivalent of @amely
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(5.8)
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P is also symmetric and idempotent. The OLS solutdhis will be to minimise

UPU = YPY + {ZPZ{ - 2{ ZPY (5.9)

which gives the normal equations

{=(ZPZY'ZPY (5.10)

The constituents of (5.10) are block-diagonal:

s, O 0] RR O 0
0 s 0 0 0
ZPZ= © ZPY= Re _ (5.12)
10 O Sr| 10 O Rr
where
S=XeQ Xt R= XeQ Y, (5.12)
and therefore (5.10) is equivalent to T separate esbinsadf
ﬁAt: SlRt: (Xt'Qt Xt )-lXt'Qt yt (513)
Note that
1
Xt’Qt Xi= Xe Xe—— Xv th th' Xt
Nt (5.14)
= Xe Xe- NeXe Xq
where
— 1 1
Xo= EJf X = Wtzi‘,xit (5.15)

that is, the mean ofpover all individuals for period t. Similarly,

X Qt yt: X yt - Ntyt'glt (516)

and
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~ 1. 1
V= yt—WtZ, Vi (5.17)

Create a matrixivi by summing over cross-products for individuals for aoger:

vi=[ X Ji yt]
(5.18)

ZXi'tXit ZXit ZXi'tYn
Ve Vi = ZXi’t N DV

Z Yit Xit Z Yit Z Vi

Clearly XXt is the top-left corner ofiv: and Xy: the top right, but the matrix also contains

all the other information necessary to calculateé¢hes in (5.14) and (5.16).

The OLS solution requires the summation & wver i for each separate t. This is the format

created by the extraction software.

Finally, note that the value of the time effecta ba calculated from the mean for each period:

1 1
A= T BEETAF T Y
Nt i Ne 5 Nt i

N
Y/t: ;(tﬁt'*'/]t'*'at (5.19)
A=y x B u
A=Y % B,

This information is readily obtained from the crggsduct matrix.

5.1.2The pooled case

The "pooled” model constrains both slopes and intesdedbe constant over all periods:



5 Matrix Creation
Vi = X B+ A+ Ui (5.20)

Stacking over N and T:
Y=XB+ JwA+U (5.21)

where X = [ X' X2' ... X' ]"and NT =2N:. Premultiplying by the NT x NT matrix« (as

defined above) gives

QNTY: QNT XIB+QNT JNTA+QNTU

= Q. X8+ Q.U (5.22)

The time effect has been removed. The transformatiatrix takes means over the whole

regression, as all observations are treated alike OLS solution is

=X Qu X )" X'Qy Y (5.23)

This differs from the unrestricted version in thiae regressor matrices are no longer block
diagonal and the summation is taken over the wiegesssion. This time the regressors split
into
X'Q X= XX-iXJ Jnt X
NT NT NT JNT
= XX -NT X'X (5.24)

= Zt:Zi:Xi'tXn'N—]:l_Zt:ZXi'tZt:ZXn

In other words, the mean is this time taken frommwhole set of observations. Summing the

raw cross-product matrix gives

_Z .Z Xi't Xit Z .Z Xit Zith Yn_
Z,Vt'vt: Z,Z,Xi't NT Z‘Z‘y“ (5.25)
T3 T 39R

and so the cross-product matrix once more providdébeainformation necessary to calculate
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the estimator. In this case the intercept is fouoohf

1 — 1 1 1
CRR I R RN R

(5.26)

A=y-xB3

with the means taken over all variables.
5.1.3Therestricted case

In the time-specific intercept case with constarpeto(the "within" estimator) the model is

Y= Xt B+ At ui (5.27)

To remove the time effect, stack over all individuand premultiply by Qas for the

unrestricted model

Qt yi: Qt xtﬁ+QtJtAt+QtUt

= Qt Xt ﬁ+ Qt Ut (528)

For the system of TxN equations, the appropriate toamsition matrix is P, above:

PY = PX3+ PU (5.29)

but note that X is as defined for the pooled model, instead ofZkein the unrestricted
model. Again, the normal equations are

f=(XPX y' XPY (5.30)

Unlike the unrestricted model, these terms arengdr block-diagonal; however,

XPX=> XeQ Xe XPY=) X:Qy, (5.31)
t t

and from (5.14) and (5.16) it may be observed that
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Z Xt’Qt Xit= Z X X¢- Z Nt?t’?t
t t t

- 5.32
th'Qtyt:th'yt-thXt'yt ( )
t t t

Therefore, the elements of the regression indhge are the sum of those in the unrestricted
case aftethe latter has been adjusted to take deviations fime means (in the pooled case,
the relevant matrices were summed before taking tilen&®. Thus the within estimator is also

achievable from ther'v: cross-product matrix.
For the within case, the estimates\ofire given by

N: 5

1 1 1
3= Y B YAt T Y
N | N | N |

(5.33)
jt — Y/t = ;(tﬁ

that is, by taking means for each period.

This method of taking deviations from time meansaisone-way analysis-of-covariance
approach. Clearly the coefficients could also be esédhby using time dummies, so why
bother taking deviations to remove these dummies® nidin reason is that it simplifies testing
the different specifications, as the tests areiedhiout on the same number of coefficients in
all three models. A second reason is that theysisabf-covariance method merely tests for
constancy over time; using the standard F-testiseinime-dummy specification tests for both

constancy and a comman lewdlthe intercept in all three modéls

5.1.4Variances and testing in the simple model

® A levels cross-section with time dummies includedvisilable in the software, although this option does
not calculate the specification tests. The structfirhe input matrix is block-diagonal as before, and the
basic data requirement is still the matrix;v
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Consider variances for the unrestricted model fil3&fining @ as the residual error and E its

NTx1 system equivalent, then

et= Y~ Xit ,ét - jt (5.34)

or

PE=PY - PZ¢ (5.35)

using the same notation of (5.6). The residual surquares is given by
E'PE=YPY - 2YPZ({ + {Z'PZ{
=YPY -(2YPZ-YPZ(Z'PZ )'1Z'PZ)Z
=YPY - (2YPZ -YPZ){
=YPY -YPZ{

(5.36)

or RSS=TSS-ESS. Substituting the estimated coeffcagain,
E'PE=YPY -YPZ(Z'PZ )'lZ’PY
=YP(I v -PZZPZ)'Z)PY (5.37)
=(UP+ZP)(Iw-PZ(ZPz )'lZ')(PZ + PU)

where NT isZiN:. As the middle PZ terms drop out,

E'PE=U'P(| - PZ(Z'PZ Y'Z')PU
5.38
=U'PU -UPZ(ZPZ )*'ZPU (539

E'PE is a scalar, and so the solution to (5.38) isrtfoe of E'PE. Taking expected values,
_(E'PE)= _(tr[UPU -UPZ(ZPZ )'ZPU ])
= (tr[P'UU -PZ(Z'PZ )'Z'P'UU ]) (5.39)
=tr[P_(UV)-PZ(ZPZ)*ZP _(UU)]

On the assumption that _(UUi);ZI NT,
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_(E'PE)= g2tr[P-PZ(ZPZ )'Z'P]
= g2(tr P-tr((Z'PZ )*2'P2))
=go(tr P-tr(1¢)) (5.40)

= ai(>ni(1- 1)' K)
t Nt

= Uﬁ(Z(Nt-l)-K)

Therefore

o E'PE

UU_ZNt'T' K

t

(5.41)

A similar result holds for the pooled and within esttors. The main differences are the value

of "K" and the trace of the first matrix. IfxKs the number of variables in,xthen

5= E'PE,
TN T - Ty
t
._ FE'rs
Gp= (5.42)
> Ne-1- Ky
t
. E'PE
gr —
Y Ne-T - Ks
t

where the u, p, and r subscripts refer to the unrextricpooled and restricted models. On

these error assumptions, F-statistics for testipgtmeses of the latter two specifications are
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_ (E’ PEp - E’ PEu )/((T - 1)( Kx+ 1))
A= T
sap EPESSN T -TKy)
T

e = (E'PE, - E'PE,)/(KL(T -1))
uvsu; E' PEU/(Z Nt _T -TKX)
T

(5.43)

- (E'PE,-E'PE,)/(T-1)
ven EPESDN-T = Ky)
t

Large values imply a rejection of the more restri¢tggothesis.

One refinement is to note that, 4sis being estimated for the unrestricted model over T
separate regressions, it is relatively easy toulatle separate estimates of the variance for
each period. In this case, the time-heteroscedastors for period t are (from equation
(5.41)):

A2 (S% Qta
(T S —— 5.44

ut N.-1-K (5.44)
These are the errors reported by the regression pnogrtowever, the F-tests in (5.43) make
the assumption that the variance is homoscedasticpdtential benefit of time-heteroscedastic

errors appears small relative to the additional caxitglef the corrected F-statistic.

ed-effects allowing for individual | :

The models in this section are the more usual "pametiels in that they allow for individual
heterogeneity. this is treated as a fixed effedd eemoved by taking deviations from
individual means. Time dummies are left in the regim. This is because the transformation

matrix which removes individual dummies cannot remowe dummies, and vice versa. Itis
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possible to construct a matrix which removes both effediut the structure of the resulting
matrices are too complicated for our purposes. In asg,c it will be demonstrated that it is
not necessary to remove the time dummies to consesiitnators for the stability of

coefficients over time

5.2.1Theunrestricted case

Let the fundamental equation be
Yi= Xit,Bt'*' ait At uie
(5.45)
E(u)=0 E(uiuis)= o

or, stacked for individual i,

yi=w B+ Jiait LiA+u (5.46)

where Jis a T vector of ones,XA is a vector of the time effects, theT matrix L is a TxXT

identity matrix with the rows removed for which dsservation is missing, and

'x1 0O 1 B,
0 x2 .

W = X ﬁE/? (5.47)
L XiT | 'BT

with rows of w removed where observations are missing. Define

-, 1o
Q—hTmm (5.48)

where | is the TxT; identity matrix. Note that

Q=Q=QQ QJ=0 (5.49)

* Perfect collinearity between the time dummies arditidividual dummies means that one time dummy

should be dropped to remove the linear dependency. Howthisrcan easily be done post extraction, and it
does not change the qualitative results of this chapt@t.a'hus, although the X'X of this section is adiua
singular, this is ignored solely to simplify the expasiti The next chapter discusses appropriate corrections.
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Assume the individual effectsi are fixed (which enables single-stage regressiomy.emove

them from the equation, premultiply by. Q

QVY=QwA+QJiait QLA+ Qu
=QwB+Q LA+ Qu (5.50)
:QiZiZ+QiUi

with z=[w; Li] and {=[B" A"". The OLS solution to this will be to minimise

(5.51)

The normal equations for this are
. N 1N
{= [Z zQ, zj > zQy, (5.52)
i i

The breakdown of the first element here is:

1
z2Q z= Zi’(li'?JiJi’)Zi

1
=zz-—zJdidiz (5.53)
Ti
=zz-Tiziz
Similarly,
Zi’Qi Yi=z'Y, 'TiEi’gli (554)
where
_ 1 -1
=32z =D, 5.55
27T V= L (55)

are the mean values of the elements aihd y. Because of the block nature aofamd L, this

is equivalent to creating a vector of 1filmes all variables:
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_Xil 0

N
1

Ti TimTi

XiT

1
:—[Xilxiz...XiT 11...1]

It can be seen that

Therefore, if defining

Vie[xlx2...xr 11...1]

to give the cross-product matrix

68

{ii 1}Oxi2 0
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(5.56)

(5.57)

(5.58)
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_Xi 1,Xi1 Xi 1 Xi2 Xi 1 Xi 2
Xi 2 x1 x 2 Xi 2 Xi 1 Xi 2
Xit XiT XiT
ViV = (5.59)
Xi 1 Xi 2 1 1
Xi 1 Xi 2 1 1
L XiT 1

then it is clear thatF'z = Ti'vi'vi and 7z is the block diagonal of'vi. A similar story holds

for z'Qyi. As yis a T x 1 column vector,

(5.60)

Then Tz'yi is the horizontal summation of'l‘m‘yi‘ and 2y; are the diagonal terms 'yi..xi1'yi1

and ..y of vi'yi'.

Unlike the simple case, the time effe¢tsare now directly estimated, rather than being
extracted from the time means as in Section 5.1. males no real difference to the outcome.
The issue of testing for levels and constancy @fritercepts does not arise as all three models
are based around deviations from the mean of theewlegression; therefore the tests for a

constant intercept in all periods amount to testingéoo intercepts in all periods.
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5.2.2The pooled case

For the pooled model, the hypothesis is thandA are constant over time:

Yi= X B+ ait ui (5.61)
or, stacked for individual i,
Y= XiB+ Jiaitu (5.62)
where
Xi E[ %l %2 ... Xi’T] (5.63)

and x contains the constant te5r.mUsing Q@ as above and still assuming the individual effects

o; are fixed, the latter are removed by premultiplyingay

Qi yi:Qixi:B+QiJiai+QiUi

5.64
=Q XiB+Qu (569
The OLS minimisation problem is
(5.65)
giving
. N 1N
B= [Z XiQ xij ZX“Qﬂ Y, (5.66)
Again, this breaks down into:
1
XiQ Xi= Xi Xi '_I__Xi’in Jir Xi
= Xi’ Xi 'Ti?i'yi
(5.67)

Xi’Qi yi: Xir yi 'TiYi’yi

° Including the constant term within the at this stage is merely a simplification and has earing on
the results.
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with

—_1 - _1
== 0 X, = — i 5.68
X Ti % Tizt:yt (568)

the mean values of the elements ofaXid y. Note that the mean ofi X6 different from the

mean of zbecause of the block nature of the latter. In thé®ca

Xi Xi= z Xi't Xit (5.69)
T

and, summing over i,

ZXi’ Xi= ZZXi’t Xit = ZZXi’t Xit (5.70)

In addition

xi1

RN [
I TiTimTi :

XiT

(5.72)
= Ti.z Xit

Summing over i gives

1 — 1 1
27 Z Xi't Z Xit = Z-? Z Z Xi't Xis = Z Z Z_? Xit Xis (5.72)

T Ti T T i

All the summations over time are from 1 to T. Althbu§ can vary from individual to
individual, missing values are set to zero and sariean calculations are correct whether the

summation is over T oriT
Using the definition of Mrom (5.58), it is apparent that'X is the sum of the diagonal blocks

of vivi and Txi'Xi is the sum of the all of the blocks of the meangimaiXi'Qy: has a similar

structure:
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ZXi’ e ZZXH Yi= ZZXH Vit
i it T

1 _ 1 1 (5.73)
DD KDY T DL Y XY= 2L D T xi Y
T Ti T T T Ti't s t s 1 Ti
5.2.3Therestricted case
Now consider 8 constant and varying over time:
Yii= Xit BHai+ A+ u (5.74)
or, stacked,
Yi= XiB+ Jiait LA+ (5.75)

where all the terms are as defined above. As foti®e5.2.1, the constant term is separated
out from x. This is the commonest form of linear panel estaméound in applied work, even
though it involves significant (and often not te$tedstrictions on the basic model (5.45).

Premultiplying by Qto remove the individual effects:

Qi yi:QiXiﬁ+QiJiai+Qi LiA+QiUi
:QiXiﬁ+ Qi LiA+QiUi (576)
:QiCiX+QiUi

with Ci=[X; Li] andx=[B"' A']. The OLS solution is

N N
X= [Zchicij 2.CQy, (5.77)
Breaking this down,

1
CrQCi=CiC '?Ci’\]i JirCi

= Ci’Ci 'TiEi'Ei
(5.78)
Ci’Qi yi = Ci’ yi 'TiEi'yi

with
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_ 1 -1
i =—JirCi = i 5.79
C=r Y, TiZyt (5.79)

for the mean values. The mean pisythe same in all these alternative hypotheses adainh,

the mean of Chas some slightly different elements:

(5.80)
Therefore
S xix. 0 0 0]
t
C/Ci= 010 (5.81)
L 0 1]
and
_Z Xi'tz Xit ZXi't cee in 2'_
t t t t
——_1 _ 1
T.C.C= = Zt:x.t (5.82)

Z Xit 1

As for the pooled modelzxi'Zxi can be calculated post extraction. For the simple snefn

xi over t, if column c of xcontains the constant term then
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1 1 _1

=3 xexe= = o d= Y (5.83)

T t T t T t

From the definition of vit is apparent that (i is the block diagonal ofw and Tc'Gi is Ti™*
times one of the constant intersections ofi.v However, in both cases the non-constant

sections (theixbits) must be summed. Again,'@y: has a similar structure, with

_Z Xi't Z yit—
t t

_Z Xi't yit—
! Z Yit
t

Yi
_ 1
Cr¥i=| VYo TiCy= o 2V (5:84)
. i t
Yir

L . Z Yit
t

Clearly all that is needed to estimate all modetsthe two matricedvi'vi and =Ti'vivi. As
these can be created piecewise (that is, for eadhdunal i, V'vi is found and then summed
into a totalling cross-product matrix), and as the&tnm can be created without reference to
the particular variables used in a particular regreqsinat is, Zvi'vi contains all variables of
interest of which a subset are used in any particulgression), this presents no real

difficulties to the extraction or analysis software.

It is clear that the data matrices for the pooled i@stricted versions are constructed merely
by summing over time the relevant elements from thiestricted matrix. This is what might
be expected. In the simple cross-section models,ngadeviations for each period led to
different matrices being needed for different hypséiseabout variation over time, as the mean

used depended upon the model in question. In the fikettemodels, the transformation is

® The fact that the constant terms are sometimelsidad in x and sometimes represented as separate

elements is merely for notational convenience an#temdittle difference to the analysis. However, for
analytical purposes it is easier if the constant teames always included inigxrather than being grouped
separately, and so this is the structure the extrastifiware uses.
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being made with respect to deviations from individoaans. In that context, different
assumptions about time-varying slopes and interceptdyn@r®unts to a rearrangement of
the variables; the same mean (over all periods feriadividual) is used. Had assumptions
been made about coefficients varying over individu@iten testing the different models would

have involved calculating different means - as tlosssection models necessitated.

Note that there are two significant disadvantagethé fixed-effects formulation used here.
Firstly, each cross-product means mari vi'vi is dependent upon a particular value of T:
as the divisor in the means matrix is Bnd as kT, a different value of T alters the range of
acceptable iE. Only in the case of the balanced matrix can teans for several years be
calculated from on&vi'vi matrix, because in this case the constant divisonm be taken

outside all the summations over i. In the generaéad an unbalanced panel, it is no longer
possible to run regressions on multiple combinationseafs/ using the same cross-product

means matrix. Separate means matrices need to bedcf@aeach selection of years.

Secondly, creation of these matrices involves naachputer time and memory - significantly
more than for the simple panel model. However, tlwéxvi'vi for a given T containgvi'v;

for any smaller T. As the two matrices can be egatdependently, it is sensible to extract
Zvi'vi in one run and then the means makix vi'vi separately - possibly for several different
values of T. This is a relatively efficient solutido the extraction problem, and is

implemented in the extraction software.

In fact, the data requirement is less onerous tkaedsabove. Consider the two matrices
requested for this section and the previous ones dlear that each of the diagonal blocks in
2vi'vi (5.59) corresponds to one of thevivmatrices in (5.18). There is no necessity to
calculate the whole matrix (5.59); the time-effectsssrproducts matrices will do equally
well. The analysis software takes account of thidowever, as the practical difference

between creatingvi'vi andsTi'vi'vi is negligible, the extraction software writer alfofer the
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creation of fullZvi'vi matrices. Such a matrix can contain useful informadgio interperiod
correlations; in addition, it allows for time-ftifencing models to be constructed, as will be

shown in Section 573
5.2.4Variances and testing in the heter ogeneous model

Consider variances for the general model firste $tim of squared residuals is

Ze'Qie: Zly|Q| Y, - 2y|Q| ZiZ’\+ Z’\Zi'Qi Z'ZJ

=XyQV¥-2y.Qz(Zz2Qz)'XzQy, (5.85)
RSS = TSS + ESS

where eis the residual error. Define the symmetric, idetant matrix P:

Q, O 0
0 Q, 0
P= ° (5.86)
10 0 Q|

Then

N N N N
Ze'Qi e=EPE z Vi QY= YPY z zQz= Z'PZ z zrQ Y= Z'PY (5.87)

where E=[€ & ... &, Y=[y1 'y, ... W], and Z=[z' ' ... '] Define U=[u' ' ... W'
and hr as the identity matrix witBT; rows. Substituting (5.87) in (5.85) gives
E'PE=YPY -YPZ(Z'PZ)*ZPY
=(UP+ ZP)(I - PZ(Z'PZ )*Z')(PZ + PU) (5.88)
=U'PU -UPZ(Z'PZ)*ZPU

As for section 5.1, E'PE is a scalar with its solutegual to its trace. Taking expected

" The full svi'vi matrix should also allow for a "minimum-distance” maiebe generated, which allows

for a more general error structure (Hsiao (1986) ch.3; mbedain (1984)). This is currently being
investigated.

7€



5 Matrix Creation

values,

_(EPPE)= _(tr[UPU -U'PZ(Z'PZ Y'Z'PU ])

3 (5.89)
=tr[P_(UU)-PZ(ZPZ )'ZP (UV)]

Maintaining the earlier assumption that_(U\$)&nr leads to
_(E'PE)= g2tr[P-PZ(Z'PZ Y'Z'P]
= gu(tr P-tr(1g)) (5.90)

zdﬁ(ZTi -N - K)

Therefore

o E'PE

UU_ZTi'N'K

(5.91)

This result holds for all three models, as the stmecof P is identical in all three. The only
difference between them is the value of K. Jfi& the number of variables in excluding

any constant term), then

5= E'PE.
) ZTi -N -T(KX+ 1)
AZ_I E'Pe,
. >Ti-N-(k«t+1) (692
| E'PE

A D —

o >Ti-N-(k«+T)

where the u, p, and r subscripts refer to the unretrigpooled and restricted models.

On the error assumptions, F-statistics for testymptiheses of unrestricted, pooled and time-

dummy are
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e = (E'PE,- E'PEL)/((T - )(Kx+ 1))
oy EPEAYTi - N-T(k.+1))

e = (E'PE: - E'PE.)/(K«(T - 1)) 5 03
uvsL.J; E' PEU/(ZT' = N _T(Kx+ 1)) ( ' )

- (E'PE,- E'PE/)I(T -1)
rvs.p;t) E' PEr/(ZTI - N -(KX+ T))

One difficulty is the calculation of N ariili. However, from the bottom-right hand corner of

T vi'vi we have the XT; block

11 1
1|11 1
?i : (5.94)
111 1]

This will actually be stored as a TxXT block with zeroeshe appropriate places, but this is

gualitatively the same result. Summing the diagoivaisg

2 Z 1— Tiog (5.95)

Therefore, summing the constant diagonal for thelevimatrix gives

Z( le 1= N (5.96)

i=1 Tltl i=1

Meanwhile, for the total number of observations, diebe a marker, 1 if individual i was

observed in period t and O otherwise. Then

1= ZZdlt: ZZdn ZNt (5.97)

i=1 i=1 t=1 i=1 t=1 t=1i=1 t=1

Clearly 2T; is then the sum of the diagonal of the units seabioBvi'vi, as this gives the

number of observations in each period.
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Observe that N comes from the means-matrix and thiswésdependent. This is correct: if
an individual only has observations outside the rarigeears used for a particular regression,
then he may not be included in the "N" for that regi@n. the total number of observations is
just a straightforward tally of the number of obsenziin each period, and so the total

number of times an individual has been observed igvaat.

iffer enci jels (complete o : ;

An alternative approach to individual heterogenestytd take time differences. This also
removes the individual effect; however, for unbat@hganels the arithmetic is more
complicated. This section considers the case wdiéiadividuals have the same number of

observations.
5.3.1Theunrestricted case

The unrestricted case is the same as for the hetesog model of Section 5.2:

Yi=wi B+ Jiait LiA+u (5.98)

where the matrices are as defined for equation (5.4&). remove heterogeneity by time-
differencing, the transformation matrix is

-1 1 0

0 -1 1
Q = : (5.99)

0 -11

We still have @=0; however, Qs no longer idempotent. Instead,



5 Matrix Creation

1 -1 0 ]
-1 2 -1
QQ= : = 1i+S (5.100)
" 102 -1
L 0 -1 1]
where
0 -1 O 1
-1 1 -1
Si= (5.101)
-1 1 -1
L 0 -1 0J
The normal equations for the coefficients are (f(érb2)):
~ (N 1w
¢= [Z zQrQ ZJ Z, 2 Q. QY (5.102)

Note that one time dummy will have to be deleted bexdhns matrix is not of full rank.
Section 5.4 discusses the issue of identification roé tdummies in more detail. Breaking
down the components of (5.102),

zQQz=zz+zSz zQQVY=zYtzSY (5.103)

Definexi=(-xi); thatis, the negative of.x Then, from the definition ofi&nd z,
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(5.104)

It can be seen thatSQz; is just the Hadamard product 6&zzand the (K+1)x(K+1) equivalent

of S:
z2Sz= zrz _Hi (5.105)
where J is a K-vector of ones and
O -JJ O Ok 0kl -3 0«1l okl
-JJ JJ -JJ 0w -J J -J o1l
O -JJ9 JJ -JJ okl -J J -]
Hi= : : (5.106)
-J J' -3 0 -1 1 -1 0
Ow -J' J -J o -1 1 -1
L Ok O -J° O 0 0 -1 0 |

Therefore, all the information to calculate thisafieation of the time-differencing model is in
the matrix vvi. As the matrix K is a constant matrix depending only on the yearthef
analysis and not on any individual variables, then'vi can be built up and used for

regressions on multiple years.

Finally, calculating Z'Qyi requires
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%IMZ
x2 Y1+t x2y2+x2y3

Xira Yir2® Xira Yira ¥ X Yir

Xt Yira
%S Y,= (5.107)
- Y2

-y 1ty 2-y3

“Yirot Yira- Yir
= Yiral

which has a similar structure t¢Sz and can also be calculated froriv
Restrictions can be placed on the specification iranmar analogous to the earlier sections.
5.3.2The pooled case

Let B andX be constant over time:

Yi= Xt B+ ait U (5.108)

Xit contains the constant term. Stacking over t amjuQ as above and still assuming the

individual effectsy; are fixed, the latter is removed by premultiplying by Q

Qi yi:Qixiﬁ+QiJiai+QiUi

C0.X, B+ 0 (5.109)

The OLS normal equations are

,[3: [z Xi Q. Q Xi} z XiQrQ Y, (5.110)

Again, this breaks down into:
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XiQQ Xi= Xi Xit XiSXi XiQ.Q Yy =Xry+ XSV, (5.111)

But in this case

XiSXi=x 2 x1+ (x T+ x2+ x3)x2+(x 2+ x3+x4)x3+...

(5.112)
Ti-1
= ( Xi't Xit = Xi't Xit-1~ Xi't Xit+1) =X 2 Xi 1- XiT-1 XiT
t=2
wherexi=(-xit), as before. ¥Syi has a similar structure:
XiSYi=x2 Y1+ (x1+x2+x3)y 2+ (x2+x3+x4)y,3+...
(5.113)
Ti-1
= Z( Xit Yie = Xit Yie1 ™ Xit yit+1)_ Xi 2 Vi 1- X1 Yir
t=2

Once more the result is a constant matrix multipldefdonstructedvi'vi; in fact, the result
is merely the summation over t of the x'x sectiorhefunrestricted case. Thus the pooled case

can be feasibly constructed from a correctly formedsiproduct.

5.3.3Therestricted case

Finally, considerp constant and varying over time:

Yu= Xt Bt ait At ui (5.114)

or, stacked,

Yi= XiB+ Jiait LA+ (5.115)

where all the terms are as defined above. Agaihge donstant term is made explicit.

Premultiplying by Qremoves the individual effects:

QVY=Q X B+QLA+Qu (5.116)

with G=[Xi Li] andx=[B" A", as in Partll. The OLS solution is
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_lN

X= [z CrQQ Ci} ZCi’Qi'Qi Yi (5.117)

Breaking this down,

CrQQC=CiCi+tCiSCi C'QQVY=CiY,*CiSY, (5.118)

where, as would be expected from previous cases

[X:X; 0 O 0] _Xi’SiXi Xi'S |
010 0 -1
CiCi= CrSCi= (5.119)
0 0 1 SiXi -1 1
L 0 1] L 0]

with Xi'SX; as defined above and

Xr$5=[x2 (x1+x2+%3) (x2+x3+x4) ..] (5.120)

Again, this presents no especial difficulties in teastruction of the OLS estimator from a
cross-product matrix. The information requirementsless than for the estimators in section
5.2, as all that is needed to estimate all modethasmatrixZvi'vi, which can be created

piecewis&

Thus, although the time-differencing model requiresercomputer power than the simple
panel models of Section 5.1, it is less of a burdem tha deviations models. In addition, the
cross-product matrix used for the time-differencing ehd@vi'vi,) is not dependent on the

actual number of years used in regression.

® Again, the representation of the constant termsetimes as being included in and sometimes as

separate elements is merely for notational conveeien
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On the other hand, the time-differencing mode igss efficient solution than the deviations
model for two reasons. Firstly, it does not tdleaccount of all observations, as the end
observations only contribute once to the model; s#gonthe deviations estimators use the
cross-correlation between all the explanatory variatdegetermine the coefficients, whereas

the time differencing approach merely uses correlati@iween two periods.

Finally, the differencing estimator described ii$ tection suffers from the problem of missing
data. The above solution is only appropriate whereindividuals have a full set of

observations for the period of interest. A balan@ede is very much the exception in NES
extractions, and so section 5.4 considers the isstienefdifferencing from an unbalanced

panel.

5.3.4. Variances and testing in the time-differencing model

Again, consider variances for the general modst.fi As the system is still block-diagonal,

the system equivalent of'Q; is P:

0.0, 0 o
0 Q,Q, 0

P= Q:Q (5.121)
0 0 QuQu]

Using the logic and notation of the earlier models
E'PE=YPY -YPZ(Z'PZ)*'ZPY
=(UP+ZP)(1 v - PZ(Z'PZ y'Z)(PZ+ PU) (5.122)
=U'PU -U'PZ(Z'PZ )*ZPU

The solution to this scalar is the trace of E'PBkifig expected values,

_(EPPE)= _(tr[UPU -U'PZ(Z'PZ Y'Z'PU ])

) (5.123)
=tr[P_(UU)-PZ(ZPZ )'ZP (UV)]
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and assuming that_(UUJsInT
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_(E'PE)= g2tr[P-PZ(ZPZ )'Z'P]
=gotr P-tr(1¢))
=it (1w )+ 2t (S)- (1)) (5.124)

= gZ(NT + 3 (T -2)- K)

= gu( 2N(T -1)-K)

Thus

jo=_ EPE 5.125
Y2N(T-1)-K (5125)

Again, the results is common to all three mod&ldth only the value of K changing. Taking
Kx as the number of variables in (excluding the constant), the relevant adjustmems a
52= E'PE,
TUO2N(T-1)-T(K+ 1)
o E'PE,
Up_
2N(T -1)-(K«+ 1)

52= E'PE
TO2N(T-1)-(K,+T)

(5.126)

where the u, p, and r subscripts now refer to the wimtesl, pooled and restricted models.
Note that the inefficiency of the differencing apprioas to some extent reflected in the higher

denominators in the estimation of the standard erro

The appropriate F-tests for this specification are

— (E’ PEp - E’ PEu )/((T - 1)( Kx+ 1))
e B PEJEN(T -1)-T(K .+ 1))

_ (E'PE. - E'PE.)/(K«(T -1))
T B PEJEN(T -1)- T(K .+ 1))

(5.127)

e = (E'PE,-E'PE /T -1)
rvsr’;)) E' PEr/(ZN(T'l)'(Kx+T))
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The value of N can be easily extracted from the cpoeduct matrix. T and K are known.

ime differ encing with mising of :

If the panels are unbalanced, then the approach giréveus section will not work. This is
because the matrix;Hs different for each individual, and so the pasatté creation of the
necessary data matrices frgm'vi is not possible. Observations may only be used wheéhe bo

T and T-1 are observed, and these cannot be iddrtifim any of the group matrices.

In this case, matrices must be constructed initialfirst differences. Define
Xit= Xit - Xia  Xit » Xir.1 ODSErved

. 5.128
x:=0 otherwise ( )

and similar terms fory anduir. Clearly, as the individual-specific texm is constantqi=o;

for all t), it drops out of the final equation. Witlo individual heterogeneity in the equation
fory it, the approach of Section 5.1 can be used, and dwealesults of that section apply
here. The fact that the "means transformatiorg (tlatrix Q) is being applied to differenced

data does not have any implications for the estonaif the slope coefficients.

However, there may be some confusion over the equiatibe estimated. Consider a straight
differencing of the stacked equation (5.2):

Yo Yer= XeBi- XeaByt Je A= Jeadiat U - Urs
= Xtﬁt - Xt-lﬁt.1+ Ji( A= Aea)+ U - Ui (5.129)
= (X~ Xer) Bt Xea( Be= Bea)+ I A= Adva) F Uk - Uea

where the requirement that an individual must be obdernv& and T-1 to be included ensures
that &=J1. To estimate this equation requires that botland X1 be included explicitly as
regressors. This is feasible for extraction andysislgoes, but it requires a degree of

carefulness in ensuring that the correct variableghaheded.
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To simplify the analysis, the NES extraction softvamakes the assumption tHatB1 in
(5.1295’. Although there is no conceptual necessity for thids justified on the grounds of
practicality. The form of (5.129) with this assumption is

Yo~ Yer= (Xe= Xe) Bi+ Je( A= Ava) + U - Uea

PO A A (5.130)
Y= xtﬁt+ Jt/]t+ Ut

Clearly the form of (5.130) is identical to (5.2), witependent and explanatory variables and
a unit vector. Premultiplication by the matrix efined in (5.3) will still remove the time
dummies and so, once the matrices have been coestiemtectly, all the mathematics of the
first section can be applied. The presence of theventor in (5.130) means that ban be

recovered from the cross-product matrix.

This time-differencing approach implies a restrictiom the slope coefficients that is not
present in the earlier models. A necessary assuniptighe differencing approach of (5.130)
is that the slopes do not change significantly frame year to the next, although over the
whole period the slopes may shift. The calculdschow represent the best-fitting slope for
any twoconsecutive periods; that is, instead ofdhef equation (5.7) being estimated slopes
for 1975, 1976, 1977... and so on, it now represents a seEdope coefficient for two

years at a time (1975/6, 1976/7, 1977/8...).

This has implications for the interpretation of thesefficients. If the slopes do change over
time, then the differencing model will show lessrigtion than the basic time-effects model,
simply because the differencing approach estimates gevestopes. A larger degree of
autocorrelation may also be expected, with the slopmsireg over time. Models of evolving

coefficients have been developed by some authors, leytatk outwith the scope of this work.

The F-tests described will only check for paramet&istancy, not systematic change.

° This means that the automatic software procedures pratta appropriate for (5.130). Obviously,

there is no reason why a cross-product matrix shouldorgtin the data to estimate (5.129).
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We should remark that, although the practice descriieye involves a limitation on the
values of the coefficients, it remains a more ganepecification than is often found in
differencing models. In most applied analysis, calfficients save the intercept are kept

constant over time; here only constancy over aydonsecutive periods is assumed.

For the time dummies, taking time differences mehasthe changm A over any two periods

is now being estimated. This holds for both (5.129)(&rt30), although few authors seem to
recognise this point. As this is a reparameterisaiiad not a restriction (such as that implied
by moving from (5.129) to (5.130)), this is unaffected by @rlution of the intercept, in the

sense that the estimation of any change is unbias¢olwever, in contrast to the slope
coefficients, we no longer have an absolute meadutbeolevel of the intercept, and so
estimates of the intercept are no longer directipmarable with the results from models in

levels®.
5.4.1. Variances and testing in the differenced unbalanced panels

Taking differences before calculating the matrix metre the expected error term is no
longer the same as in section 5.1.4. In the diffedtrmoodel, the error term is{u.1).

Retaining the assumption that _(UUB?de, the correct variance for this term is therefore

_[( Ut - Ug2) (U - Ut—l)’]: _(ueuea)* _(uweuea)=210° (5.131)

In this case, then the expected value of the ermor fiem (5.40) becomes

_(EPE)=25%(D (N:-1)-K) (5.132)

and so the estimated error terms for the three Is\agle now

% The levels of the intercepts can be recovered flmvmeans of the regression.
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52= E' PE,
S 200N T - Tk
t
L E'Pe,
o 2(> N - 1- K« N
t
E'PE

The F-statistics are unchanged as the extra 2s aauricel

As in the previous sections, note that estimafirfgr the unrestricted model over T separate
regressions enables the calculation of time hetedaste errors. Allowing for

heteroscedasticity in (5.133) gives

ue-ua)(u-u) = 1%+ 62) =105 (5.134)
and therefore
A2 e Qta
ow=—"7 5.135
ut N.-1-K ( )

Note that this estimated variance is a compound teant so there is no need to divide the
RSS by two. These are the reported errors, but agheF-tests for model restrictions are

based on homoscedastic errors.
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